Wavelength demultiplexers based on photonic crystal resonators are attractive, since they may be realized in very small sizes. However, existing designs have a limitation on the size, since they all require one resonator for each wavelength and these resonators must be separated. As a possible approach to reduce the size further, we show that a single multimode resonator may be used to separate different wavelengths corresponding to the different resonant frequencies. Specifically, we propose an ultra-compact three-wavelength demultiplexer based on a single multimode resonator in a photonic crystal. The design is obtained by an efficient optimization procedure, and its property is analyzed rigorously by a numerical method, as well as approximately by the temporal coupled mode theory.
Introduction
In optical communication systems, a compact wavelength demultiplexer that separates light with different frequencies is essential [1, 2] . Photonic crystals (PhCs) [3] have the potential to provide ultra-compact components and devices for integrated photonics and other applications. A number of wavelength division multiplexing (WDM) systems based on PhCs have been proposed and realized in experiments. These PhC WDM systems are developed based on resonators [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , waveguide couplers [16] [17] [18] , or superprism effects [19] [20] [21] . Those based on PhC resonators are particularly attractive due to their small sizes. Currently, all existing designs based on PhC resonators require one resonator for each frequency. For example, the four-port channel drop filter of Fan et al. [4] contains two microcavities supporting two degenerate modes at the desired frequencies. The three-port designs given in [6, [9] [10] [11] 14] include one resonator in front of each output waveguide. In the device of Liu et al [15] , each output waveguide is connected to a point-defect microcavity, and these microcavities are further connected to a common coupling region.
In this paper, we show that a properly designed multimode resonator can be used as an ultra-compact wavelength demultiplexer. Specifically, we propose a three-frequency wavelength demultiplexer based on a four-port multimode resonator in a square-lattice PhC. The resonator is connected by four semi-infinite PhC waveguides, where one waveguide serves as the input port and the other three serve as the output ports. It has three resonant modes corresponding to three different frequencies. At each of these three frequencies, light propagates to one of the three output waveguides with little reflection and little cross talk. Compared with the existing designs where each frequency requires a resonator, the size of our demultiplexer is much smaller.
Wavelength demultiplexer
Our proposed wavelength demultiplexer is shown in Fig. 1 , where the background PhC is a Fig. 1 . Three-frequency wavelength demultiplexer in a square-lattice photonic crystal.
square lattice of dielectric rods surrounded by air. The refractive index and the radius of the rods are 3.4 and 0.18a respectively, where a is the lattice constant. The semi-infinite PhC waveguides are obtained by removing a row of rods. The structure is considered for the E polarization, for which the electric field is parallel to the axes of the rods. The PhC has a bandgap given by 0.302 < ωa/(2πc) < 0.443, and the PhC waveguide has a single guided mode for 0.312 < ωa/(2πc) < 0.443, where ω is the angular frequency and c is the speed of light in vacuum. The area around the center of the structure is regarded as a resonator and it contains nine rods (shown in red in Fig. 1 ) with different radii and the same refractive index as the original rods. If we order the nine rods by columns from left to right and in each column from bottom to top, the radii of these rods are 0.0970a, 0.1688a, 0.2698a, 0.2793a, 0.1843a, 0.2389a, 0.2939a, 0.1024a and 0.2823a, respectively. The structure is designed to separate three frequencies corresponding to ω 1 = 0.36, ω 2 = 0.37 and ω 3 = 0.38 (2πc/a). The left-horizontal waveguide is the input port. The right-horizontal, the lower-vertical and the upper-vertical waveguides are the output ports for ω 1 , ω 2 and ω 3 , respectively.
The structure is found by solving an optimization problem where the radii of selected rods in the central area are the free parameters. The refractive indices of the rods are unchanged and their positions are fixed at the lattice points. The optimization problem is to maximize
, where T 1 , T 2 and T 3 are relative powers transmitted to the right-horizontal, lower-vertical and upper-vertical semi-infinite waveguides, respectively. The problem is solved by the BFGS quasi-Newton method [22] . In each iteration, the Dirichletto-Neumann (DtN) map method developed in our earlier works [23] [24] [25] is used to calculate the transmission coefficients for the three frequencies. That method can take advantage of the many identical unit cells and the circular geometry of the rods, and it includes a rigorous boundary condition for terminating PhC waveguides [23] . As a result, our problem can be simulated in a computational domain that contains only 11 × 11 unit cells. As shown in Fig. 1 , the optimized structure contains a few empty unit cells for which the radius of the rod is zero. For simplicity, we have assumed a constant refractive index for the dielectric rods at the three frequencies. Our method can easily take care of material dispersion, since the transmission coefficients for the three frequencies are calculated separately.
The transmission spectra for the three output waveguides are shown in Fig. 2(a) . The total power transmitted to the three output waveguides and the reflected power in the input waveguide are shown in Fig. 2(b) . In particular, we have T 1 (ω 1 ) = 0.9453, T 2 (ω 2 ) = 0.9327 and T 3 (ω 3 ) = 0.9447. The electric field patterns (the real part of E z ) at the three target frequencies are shown in Fig. 3 (the three images to the left). For all three cases, we observe that the field has nearly the same magnitude in the input (left-horizontal) waveguide and in one output waveguide, and it has a very small magnitude in the other two output waveguides. There is also a strong field somewhere around the center of the structure indicating a link with resonances.
Notice that our demultiplexer (involving nine dielectric rods of different radii) is contained in a rectangular region covering 3×5 unit cells. This is even smaller than the three-wavelength demultiplexer developed in [15] which requires a coupling region of 4 × 15 unit cells. The structure is designed with three output waveguides pointing to different directions. If parallel output waveguides are desired, they can be easily connected by high performance 90
• bends [26] . 
Resonant modes
The phenomenon that incident light from the input waveguide is routed into one of the three output waveguides at each target frequency can be explained by the resonant modes of the structure. While the DtN-map method described in our earlier work [23, 24] solves boundary value problems for a given real frequency, it can also be used to solve eigenvalue problems where the frequency is the unknown [27, 28] . Since power can escape through the waveguides, the resonator has leaky modes with complex frequencies. The DtN-map method developed in [28] is capable of computing leaky modes. In particular, the boundary condition for terminating PhC waveguides has been extended to the complex frequency domain. As a result, we can calculate the leaky modes of our structure in a small truncated domain S, i.e., a square with 11 × 11 unit cells, using rigorous outgoing radiation boundary conditions on all four sides of S. The method calculates the complex ω iteratively. For any given ω, the DtN-map method gives us a square matrix A(ω), and it satisfies
if ω is the complex frequency of a leaky mode, where u is a column vector for E z on the edges of unit cells in the truncated domain S. The length of u is proportional to the number of discretization points N on each edge of the unit cells. Since the interiors of the unit cells are completely avoided, the size of A is not very large. The leaky modes correspond to those complex ω, such that A(ω) is a singular matrix. To find the leaky modes, we solve ω from σ 1 (A) = 0, where σ 1 is the smallest singular value of A(ω). Initial guesses for the complex roots are provided by real values of ω, where σ 1 reach local minima. Using N = 7, we calculate σ 1 (A) for real frequency ω given by 0.35 ≤ ωa/(2πc) ≤ 0.39, and find four local minima around ωa/(2πc) = 0.36, 0.37, 0.38 and 0.386. Using these real values as initial guesses, we find the complex eigenfrequencies: ωa/2πc = 0.35972−0.004023i, ωa/2πc = 0.37017−0.0007824i, ωa/2πc = 0.38045−0.001093i and ωa/2πc = 0.38589 − 0.00099i for the four leaky modes, respectively. The real part of the complex ω gives us the resonant frequency, and the imaginary part of ω is related to the attenuation of the mode and the quality factor Q = −0.5Re(ω)/Im(ω). Notice that our assumed time dependence is e −iωt , therefore the imaginary part of the complex frequency of a leaky mode is negative. The quality factors of these four modes are Q ≈ 44.7, 237, 174 and 195, respectively. The resonant frequencies of the first three modes match the target frequencies very well (with three significant digits). The fourth mode is unexpected but it does not affect the structure as a wavelength demultiplexer.
The electric field patterns of the first three modes are shown in Fig. 3 (the three images to the right). The left and right images in Fig. 3 have some similarities, especially for the second and third modes of which the Q factors are larger.
From the field distribution of a resonant mode, we can calculate the loss to each semiinfinite waveguide. For a single mode waveguide, the loss is related to the coupling coefficient between the resonant mode with the propagating mode of the waveguide. Let the coupling coefficient in the jth waveguide be c j , where j = 0, 1, 2 and 3 denote the left-horizontal, right-horizontal, lower-vertical and upper-vertical waveguides, respectively. If we scale the resonant mode such that |c 0 | 2 + |c 1 | 2 + |c 2 | 2 + |c 3 | 2 = 1, then the Q factor due to loss in the jth waveguide is Q j = Q/|c j | 2 . Similarly, if we let τ = −1/Im(ω) be the lifetime of the mode, then 1/τ j is the decay factor due to loss in the jth waveguide, where τ j = τ /|c j | 2 . For the resonant mode with the complex eigenfrequency ω l = ω l,r + iω l,i , the temporal coupled mode theory [29] predicts that
In Table 1 , we list the squared coupling coefficients for the three modes. In Fig. 4 , we show T l (ω) for 1 ≤ l ≤ 3 based on Eq. (2). Comparing Figs. 2(a) and 4, we can see that the prediction by the coupled mode theory is quite good. We note that the Q factors of the three resonant modes are quite small and not uniform. This is related to the factor that our optimization procedure only maximizes T 1 (ω 1 )+T 2 (ω 2 )+ T 3 (ω 3 ) and has no control on the widths of the transmission peaks. While the Q factors may be increased by enlarging the structure and tuning the entrances of the waveguides, a better optimization formulation is highly desired.
Conclusion
In this paper, we show that it is possible to develop ultra-compact wavelength demultiplexers based on multimode resonators in PhCs. We propose a three-wavelength demultiplexer based on a four-port resonator in a square lattice PhC. The resonator has a few resonant modes. Three of them have resonant frequencies corresponding to the three target frequencies of the demultiplexer. Furthermore, these three resonant modes have the desired distribution in their losses to the waveguides. That is, each resonant mode has roughly equal losses in the input and one of the output waveguides, and negligible losses in the other two output waveguides. Compared with existing designs based on PhC resonators that require one resonator for each wavelength, the size of our demultiplexer is much smaller, since it can be embedded in a rectangular region with only 3 × 5 unit cells. Our structure is designed for a PhC with a square lattice of infinitely long cylinders, and therefore it has obvious practical limitations.
It is far more useful to develop demultiplexer structures on PhC slabs involving a slab of finite thickness and air-hole arrays, but unfortunately, the design process is extremly time consuming based on existing numerical methods. Nevertheless, it is hoped that our approach based on multimode resonators can be useful in the design of more practical WDM devices.
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